An algorithm is developed for performing calculations for the nonlocal electrostatic solvation theory of an ion in a cavity, accounting for electrostatic boundary conditions. The latter implies an induced charge distribution on the cavity surface as well as an induced volume charge distribution in the medium. This approach is validated by a variational derivation which also provides a general expression for the solvation energy. The procedure, implemented for spherical ions, is tested by calculating the analytic solution for an exponential nonlocal dielectric kernel and determining the corresponding solvation energy. Parametrization is presented for a range of solvents, fitted to experimental solvation energies.
I. INTRODUCTION
In the present work, consisting of this paper and a following paper 1 we study systematically a sequence of nonlocal electrostatic continuum models of solvation, successively increasing their sophistication. The ultimate goal is to get a physically consistent picture of basic solvation properties such as the equilibrium solvation energy of spherical ions. This investigation is motivated by recent developments in molecular solvent models, including computer simulations, [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] investigations of pair distribution functions based on solving the integral equations of the theory of liquids [16] [17] [18] [19] [20] [21] and other molecular theories. 17, [22] [23] [24] [25] [26] [27] [28] The nonlocal theory is based on a linear response relation between the electric field strength vector E(r) and the polarization P(r) ͑where r is a point in space͒:
͑1.1͒
This relation implies an homogeneous uniform medium. According to the basic assumption of the continuum medium approach, the nonlocal expression ͑1.1͒ is sufficient for bringing all the necessary elements of the molecular structure of the solvent into the phenomenological solvation theory. We note here the dielectric function does in fact bear a tensorial character. However, our work deals with purely electrostatic solvation effects created by Coulomb forces and at this level only longitudinal components of interaction remain. Transverse components are completely eliminated inside Maxwell's equations, hence where we indicate a dielectric function in this paper, we have in mind the longitudinal component. The susceptibility kernels (͉rϪrЈ͉) or their Fourier transforms (k) are taken as empirical quantities which are available either from experiment 29, 30 or from microscopic molecular calculations for bulk solvents. 13, 15, 18 This philosophy bridges the microscopic molecular theories of solvation and the conventionally accepted local continuum models 31 and has a wide scope of chemical applications. The insertion of a solute particle into the bulk solvent means that we must take into account an excluded volume effect, in terms of a cavity in which this particle is confined. A formally consistent nonlocal electrostatic theory of the cavity effect has been reported by Kornyshev, Rubinshtein, and Vorotyntsev ͑KRV͒. 32, 33 Two approximate versions of this theory are also known. The first, developed by Dogonadze and Kornyshev, [34] [35] [36] avoided an explicit treatment of the excluded volume effect in a semi-empirical manner. The second ͑our preceding work 37 ͒ incorporated the excluded volume effect directly but disregarded the nonlocal electrostatic matching condition on the boundary of the cavity. In the local limit the matching condition for the total electrostatic potential ⌿(r) ͑the solution of Poisson's equation͒ in a continuum medium with static dielectric permittivity 0 is given by:
͑1.2͒
where ‫‪n‬ץ/ץ‬ indicates a normal derivative on the cavity boundary which, according to Eq. ͑1.2͒, acquires two different values inside ͑subscript ''i''͒ and outside ͑subscript ''e''͒ the cavity. Condition ͑1.2͒ was obeyed in the local limit of our earlier theory, 37 but the corresponding singularity was missing in the full nonlocal treatment.
In this article we add this missing ingredient to the theory of Ref. 37 . The resulting scheme for solving the nonlocal Poisson equation ͑Sec. II͒ is equivalent to the alternative KRV version 32, 33 of the complete nonlocal theory. The basic distinction between the two approaches is that KRV introduced and solved equations for the scalar potential field ⌿(r), whereas the present paper formulates more easily tractable equations for the charge distributions which generate different components of the potential ⌿(r). These equations can be solved for spherically symmetric solutes. 33, 37 analytical solution for ⌿(r) is available. 33 We recover this solution in terms of the present technique ͑Sec. IV͒ and derive in Sec. V an analytical expression for the solvation energy of spherical ions ͑absent in the earlier treatment 33 
͒.
Then equilibrium solvation energy calculations are performed for a set of anions in several solvents in order to obtain a realistic parametrization for further applications. We also reformulate in Sec. III the general nonlocal electrostatic treatment in terms of a variational approach. This technique becomes important in a generalized treatment of solvation, to be presented in a forthcoming paper, 1 where the purely electrostatic model is extended in order to include variations in cavity size. In summary, the present article develops at a methodical level the complete KRV scheme, suggesting a new efficient computational algorithm for the calculation of solvation energies, and applying it to a simple test case. This provides the background for studies of more sophisticated nonlocal solvent effects, whose description is forthcoming. 
II. DESIGNATIONS AND BASIC EQUATIONS
The entire space described by the space vector r is divided by a cavity situated within that space into an internal volume V i (rV i ) and external volume V e (rV e ), with cavity boundary S (rS). The external normal unit vector on the boundary is denoted as n(r). The derivatives ٌ(r) ͑the gradient͒ and ‫ץ/ץ‬n(r) ͑the normal derivative͒ may represent stepwise functions on the boundary. In this case they are specified by ٌ i (r) and (‫ץ/ץ‬n(r)) i or ٌ e (r) and (‫ץ/ץ‬n(r)) e , corresponding to whether they are calculated inside or outside of the cavity. With these designations the nonlocal electrostatic boundary condition for the total potential ⌿(r), an operator counterpart to the local Eq. ͑1.2͒, can be written in the form:
where is the nonlocal permittivity operator and ( . . . , . . . ) denotes a scalar product. The potential ⌿ remains continuous on the boundary. The singular condition ͑2.1͒ was disregarded in our earlier work. 37 In order to account for it we must extend the definition of the potential ⌿(r) as ⌿͑r͒ϭ͑r͒ϩ͑r͒ϩ⌽͑r͒, ͑2.2͒
The vacuum potential (r) is created by the solute charge distribution (r), which is absent in the external volume. The induced medium potential is created by the external (g(r)) and surface ((r)) charge distributions. The charge g(r) vanishes inside the cavity. Thus,
The normal derivatives of both volume potentials at the surface S are continuous; the surface potential ⌽(r), however, obeys singular matching conditions:
The layer potential ⌽(r) has been added to the expansion ͑2.2͒ precisely in order to introduce this stepwise singularity on the boundary. As shown in the next section, the same type of singularity is hidden in the boundary condition ͑2.1͒ and it cannot be described in terms of the smooth external volume potential (r). Equation ͑2.2͒ exhibits the main distinction from our earlier treatment: only the first two nonsingular terms were considered in Ref. 37 ͑with (r) designated as 0 (r)). The explicit expression for the dielectric permittivity operator is
where F(r) is an arbitrary smooth function. The highfrequency components of the permittivity ( ϱ ) and susceptibility ( ϱ ) are local. [32] [33] [34] The nonlocal component of the susceptibility is an integral operator whose kernel (r,rЈ) is defined as ͑r,rЈ͒ϭ ͭ ͉͑rϪrЈ͉͒ both r and rЈV e 0 one or both of r,rЈV i .
͑2.7͒
With these definitions the problem to be solved is equivalent to that considered in Ref. 32 . Below we consider an alternative method of finding the solution extending the reasoning of our earlier work. 37 Comments on the approximations inherent to this treatment may be found in Refs. 32 and 37.
The total potential ⌿(r) obeys the nonlocal Poisson equation
͑2.8͒
The following relations are valid:
Hence, we infer that Eq. ͑2.8͒ is satisfied by function ͑2.2͒ in V i . The external volume V e is treated by applying Green's theorem for rV e . This results in the following relation:
͑2.10͒
We anticipate here that ‫ץ‬⌿/‫ץ‬n is discontinuous at the boundary and therefore specify it here relative to V e ͑this is a condition for the applicability of Green's theorem to the external volume͒. Then, with the aid of Eqs. ͑2.2͒ and ͑2.9͒, the following integral equation is obtained for the external volume:
͑2.11͒
We now turn to the boundary condition ͑2.1͒ and transform it using the properties of the surface potential ⌽(r) ͑see Eq. ͑2.5͒͒ and permittivity operator ͑see Eqs. ͑2.6͒ and ͑2.7͒͒. The result reads
or, in a more explicit form,
͑2.13͒
Expressions ͑2.11͒ and ͑2.13͒ form a complete set of equations defining the unknown charge distributions g(r) and (r) and constitute the essence of the present treatment. They are equivalent to the alternative approach developed in Ref. 32 .
III. THE VARIATIONAL PRINCIPLE
In this section we present a variational derivation of the basic equations of nonlocal electrostatics. This formal procedure, while rather obvious for the purely electrostatic case, becomes an important ingredient of an advanced theory with a nonrigid cavity. 1 It is a generalization of a similar local variational treatment. 38 Let
͑3.1͒
For the field M (r) we construct the free energy functional ͑FEF͒:
where W͓ M ͔ is the interaction energy
and ⌺͓ M ͔ is the self energy associated with M (r):
The stepwise permittivity operator is defined by Eqs. ͑2.6͒ and ͑2.7͒. Because (r) is the vacuum potential of the given external ͑solute͒ charge, the variation of Eq. ͑3.1͒ is ␦⌿ϭ␦M .
͑3.5͒
The variation of the FEF ͑3.2͒ gives ␦Uϭ␦⌺ϩ␦W.
͑3.6͒
The treatment of the interaction term is obvious: ␦Wϭ␦M ,
͑3.7͒
but the result for the self-energy needs several transformations based on the following expressions, valid for arbitrary smooth functions a(r) and b(r):
͑symmetry of operator ),
͑Green's theorem͒, and
͑an obvious commutation relation͒. Equation ͑3.9͒ will be applied to both VϭV i and V ϭV e . The corresponding boundary surface will then be denoted as S i or S e with normal unit vectors n i , n e such, that n i ϭϪn e .
͑3.11͒
With the aid of Eqs. ͑3.8͒-͑3.10͒ the variation of ⌺ becomes
͑3.12͒
Here an auxiliary scalar field (r) is introduced via the relation
The symbol ( . . . ) L denotes the longitudinal component of the given vector. Note that the transverse component of ٌ⌿ is projected away in the scalar product ٌ⌿( ٌ⌿) ϭٌ⌿•ٌ. Now the equilibrium condition ␦Uϭ0 with defined via Eq. ͑2.4͒ gives three equations valid in V e , V i and on S:
These are the basic field Eqs. ͑2.8͒ and ͑2.1͒ of Sec. II. Let us finally apply Green's theorem ͑3.9͒ to the selfenergy term ͑3.4͒, assuming that equilibrium conditions ͑3.14͒ are obeyed. Since surface terms vanish ͑after accounting for relation ͑3.11͒͒, for the equilibrium medium field M (r)ϭM eq (r) we obtain
The corresponding minimum FEF value is interpreted as the ͑electrostatic͒ solvation energy:
This is a generalization of a result well known for the local case.
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IV. SPHERICALLY SYMMETRIC SOLUTES: EXACT SOLUTION FOR A SINGLE-MODE EXPONENTIAL KERNEL
The system under consideration represents a point charge Q located at the center (rϭ0) of a spherical cavity of radius a. 
͑4.3͒
Here we use spherical coordinates:
͑4.4͒
With this notation, Eqs. ͑2.11͒, ͑2.13͒ reduce to the form
͑4.6͒
The latter quantity ͑4.6͒ is a solution to the local spherical case with ϭ ϱ in V e . The one-dimensional nonlocal kernels appear as a result of averaging the kernel (͉r؊rЈ͉) over angular variables:
The right-hand parts of Eqs. ͑4.7͒ are angle independent due to the spherical symmetry of the system. This can be shown by making a series expansion of (͉rϪrЈ͉) over spherical harmonics. 33 Thereby, Eqs. ͑4.7͒ may be calculated assuming ϭϭ0. The first of Eqs. ͑4.5͒ ͑with ϭ0) was derived and studied earlier 37 in a theory without boundary conditions ͑2.13͒. By including the latter, we obtain the second equation of ͑4.5͒, containing a new integral kernel ␤(R,RЈ).
A spherically symmetric problem equivalent to the present model was originally explored by Vorotyntsev. 33 The basic result of this work was an exact analytical expression for the potential ⌿(R) for the particular case of a singlemode exponential model for the susceptibility kernel (͉r؊rЈ͉). This kernel was introduced via k-space as a Lorentzian function:
We recover below the solution for ⌿(R) in the framework of the present technique and also derive other important consequences, including an expression for the solvation energy. For the Fourier-transformed kernel introduced by Eq. ͑4.8͒, direct integration yields the following expressions for the two kernels entering Eq. ͑4.5͒:
By solving the first equation in ͑4.5͒, we find g(R) as a function of . A solution in the form
is substituted in this equation and the integrals performed. As a result we obtain an expression containing two exponentials, namely exp͓Ϫ(RϪa)/͔/R and exp͓Ϫ(RϪa)/⌳͔/R, which must identically vanish, that is, the coefficients before the two exponential functions must vanish. This provides a pair of consistency conditions defining the constants ⌳ and g 0 . A rather lengthy though straightforward manipulation gives the result
We note here that ⌳, as defined by the first of the above equations, is in fact the correlation length used in the Dogonadze-Kornyshev theory for the function f (k)ϭ1 Ϫ1/(k), using a Lorentzian model equivalent to Eqs. ͑2.6͒ and ͑4.8͒. 37 Because the expression for g 0 contains an unknown quantity , we combine it with the second equation in ͑4.5͒ and solve simultaneously the set of two equations. The final result is
The corresponding expressions for the potentials are ͑R͒ϭ ͭ 4⌳g 0 ͑RϽa͒
The vacuum potential is (R)ϭQ/R. For RϾa the full potential expression ⌿(R)ϭ(R)ϩ(R)ϩ⌽(R) was derived earlier. 33 This solution transparently illustrates the complicated manner in which the local limit a/→ϱ may be attained. The full medium potential may be reduced to a surface potential
However, both parts of the solution to Eq. ͑4.5͒ (g(R) and ), contribute to the local surface charge density local , because in the local limit g(R) reduces to a surface delta-function. 37 The corresponding potential ͑4.14͒ then represents the standard solution of the local BKO theory. 31, 37 As a result an asymmetric delta-function 37 does not appear in the present theory and its local limit is attained in terms of the standard symmetric delta-function.
V. EXPRESSION FOR THE SOLVATION ENERGY WITH SIMPLE APPLICATIONS
As shown in Sec. III, the following expression for the solvation energy is valid ͑Eq. ͑3.16͒͒:
͑5.1͒
In the spherically symmetric case ͑Sec. III͒ it reduces to the formula
͑5.2͒
With the explicit solutions ͑4.12͒ found for the Lorentzian susceptibility kernel ͑4.8͒, we obtain
͑5.3͒
This formula reduces to the correct Born result in the local limit a/→ϱ. In the opposite strongly nonlocal extreme a/→0 we obtain the unscreened expression
͑5.4͒
We performed a parametrization of function ͑4.8͒ for several solvents in order to reproduce the equilibrium solvation energies of simple halogen anions ͑see the Appendix for details͒. The results are listed in Table I . Also listed are the quantities ⌳, given by Eq. ͑4.11͒, which correspond to the correlation length in the model of f (k)ϭ1Ϫ1/(k), found in the Dogonadze-Kornyshev theory, which is equivalent to the model of (k) used here ͑see Appendix B of Ref. 37͒ . We see that the correlation lengths are of a reasonable molecular size, being of the order of 5 Å. However, judging by Eqs. ͑4.10͒ and ͑4.11͒, it would seem that ⌳ is a more appropriate characteristic of the solvent molecular size, being interpreted as a molecular radius. There is an acceptable degree of correlation between ⌳ and the actual size of the solvent molecule: methanol is smaller than ethanol and propanol, which are smaller than nitrobenzene, for instance. We note also that the error in the calculated solvation energy is greater for water, methanol and DMF, suggesting that the simple model ͑4.8͒ used here for the susceptibility kernel is less successful for describing these systems. In the case of the former two, this is presumably due to the neglect of hydrogen bonding. A three-mode model for the susceptibility 34 would undoubtedly reduce the error in the calculated solvation energy.
In Fig. 1 we compare characteristic energy curves ͑the solvation energy U s vs cavity radius a) for water resulting from different versions of continuum solvation theory, namely the model studied here with an exponential kernel, the corresponding model within the Dogonadze-Kornyshev theory, 34 where the cavity is not excluded from the solvent ͑our parameters are converted according to the formulae given in Ref. 37͒, and the simple Born theory. We notice that there is almost no difference between the solvation energy given by the present theory and that given by the Dogonadze-Kornyshev theory, confirming previous assertions 39 that the latter approach works satisfactorily at a static level. This seems to be generally true for spherical ionic solutes. A final comment is concerned with the utility of smooth exponential susceptibility kernels, which seems to contradict the results of recent molecular-level theoretical investigations of the nonlocal dielectric tensor of polar liquids. 5, 14, 15, 17, 18, 20, 27, 40, 41 Such an approximation appears to work effectively as an empirical tool for treating the solvation energy of ionic species. Note that our fitting of experimental data could be significantly improved by adding extra Lorentzian terms to the susceptibility function ͑4.8͒ ͑Refs. 34,36͒ and performing numerical calculations of charge densities g(R) and . 1, 37 This smooth model of the medium response has a clear physical interpretation in terms of correlation lengths inherent to the idealized bulk medium. 34, 36 Its transparent but oversimplified background is seriously complicated in real solvents by the effects of density fluctuations whose interference with polarization fluctuations result in an oscillatory behavior of the medium response to the external solute charge. 20, 41 The following paper 1 is an attempt to explore these sophisticated effects in terms of an advanced continuum medium theory.
APPENDIX: PARAMETRIZATION OF A PURELY LORENTZIAN SOLVENT MODEL WITH A LOCAL HIGH-FREQUENCY COMPONENT
We describe here the parametrization for various solvents of the Lorentzian model of (k) without poles, Eq. ͑4.8͒:
The boundary condition (kϭ0)ϭ 0 defines the value ϭ 0 Ϫ ϱ . Solvation energies were considered for simple spherical anions ͑F Ϫ , Cl Ϫ , Br Ϫ , I Ϫ ). The method of calibration is essentially the same as that applied in Ref. 37 . That is, the cavity radii for a range of halogen ions is defined and the parameter adjusted to give the best least squares fit, compared to experimental values, for the solvation energy of the ions in the given solvent. Experimental values ͑radii, solvation energy, static and optical dielectric constants͒ are available in the literature. [42] [43] [44] Their implementation in terms of the advanced continuum medium models has been discussed in detail; 44 the ultimate selection of values was identical with that adopted in this last reference. Note that for simplicity it was assumed that ϱ ϭn D 2 , where n D is the diffractive index. Using larger values 45 can slightly reduce the error in the parametrization, making somewhat longer.
The fitted parameters for various solvents are shown in Table I along with the estimated error in the solvation energy. 
